A CLASS OF LOGARITHMIC INTEGRALS 



LUIS A. MEDINA AND VICTOR H. MOLL 



Abstract. We present a systematic study of integrals of the form 



/■I 1 

Iq = I Q{^) log log - dx, 
Jo X 



where Q is a rational function. 



1. Introduction 

The classical table of integrals by I. S. Gradshteyn and I. M. Ryzhik [5] contains 
very few evaluations of the form 

(1.1) Iq := f Q{x)log\ogl/xdx, 

Jo 

where Q is a rational function. The example 

1 TT 

(^■2) / 2 I 1 ^OE^ogl/xdx ^ - log 

jg a: + i z 

written in its trigonometric version 



4J 



y.Tr/2 

(1.3) 

t/4 

is the subject of Vardi's remarkable paper jjj. This example appears as 4.229.7 in 
[5] and also in the equivalent form 



I — log log 1/a; da; = / log log tan xdx, 



(1.4) 



log X dx 
cosh a; 




as 4.371.1 in the same table. 

We present here a systematic study of the logarithmic integrals (|l.ip . Through- 
out the paper we indicate whether Mathematica 6.0 is capable of evaluating the 
integrals considered. For example, a direct symbolic evaluation gives p.2p as 

(1.5) -^loglogl/.rf.= -log(^^j. 

The reader should be aware that the question of whether a definite integral is 
computable by a symbolic language depends on the form in which the integrand is 
expressed. For instance, Mathematica 6.0 is unable to evaluate the trigonometric 
version of (|1.2p given as the right-hand side of (|1.3p . 
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The idea exploited here, introduced by I. Vardi in ^13J, is to associate to each 
function Q a gamma factor 

(1.6) Tq{s) Q{x) (^logl^ dx, 

so that, the integral (jl.ip is given by 

(1-7) ^Q = r^(i)- 

An explicit evaluation of Iq is achieved in the case where Q{x) is analytic at 
a; = 0. Starting with the expansion 

oo 

(1.8) g(x) = ^a„x", 

n=0 

we associate an L-series 

oo 

n=0 ^ ' 

The integral (|l.ip is now evaluated as 

(1-10) Iq = -^Lq{\) + L'q{1), 

where 7 is the Euler-Mascheroni constant. The interesting story of this fundamental 
constant can be found in [1^. The identity (|1.10|) is essentially Vardi's method for 
the evaluation of ()1.2p . Naturally, to obtain an explicit evaluation of Iq , one needs 
to express Lq{1) and L'q{1) in terms of special functions. We employ here the 
Riemann zeta function 

00 -. 

(1-11) C(^) = E;;i' 

and its alternating form 

(1.12) C^(,)^^L^ = _(i_2i-)C(.), .>0. 



n—l 



n=l 

The relations 



(-l)"+i(27r)2»B: 



(1.13) C(2n) = ^ ^' neNo:=NU{0} 



2(2n) 



(1.14) C(l-") = ^ neN, 

n 

(1.16) C'(0) = -logA/2^, 

where Bn arc the Bernoulli numbers, will be used to simplify the integrals discussed 
below. 

A second function that is used in the evaluations described here is the polyloga- 
rithm function defined by 



X 

(1.17) PolyLog[c, := V — 
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and its derivative 

(1.18) PolyLog(i'°nc,d := 4PolyLog[c, d 

dc 

ra=l 

A complete description of Iq is determined here in the case where Q{x) is a 
rational function. The method of partial fractions shows that it suffices to consider 
three types of integrals: 

the first type is 

(1.19) Pj ■= [ a;^ loglogl/a;dx, 

Jo 

that gives the polynomial part of Q, 
the second type is 

(1-20) RmAa) - ly^'Z'Jr d., 



{x + a)'»+i 



that treats the real poles of Q, and 
the third type is 

n f u\ loglogl/a; 

(1.21) C„,(a,6):=y^ (.2 + + 

with — 4b < 0. This last case deals with the non-real poles of Q. 
Integrals of first type. These are simple. They are evaluated in (|2.10p as 

7 + log(j + 1) 



Pj '.= / log log 1/xdx 
Jo 



Integrals of second type. The special case -Rm, o(l) is evaluated first. We introduce 
the polynomial 

rn 

(1.22) T^{x) ^(-l)^ A„+i,j+i2;^ 

with Am,j the Eulerian numbers given in (14. 6|) . Then the integral 
p r rm-i(x) loglogl/x ^ 



(a; + 1)^ 



is evaluated, for m > 1, as 



(1.24) E„, = (1 - 2'")C'(1 - m) + (-1)" (7(2" - 1) + 2" log 2) 

ni 

The sequence Em is then used to produce a recurrence for i?m,o(l)- The initial 
condition 

(1-25) i?o,o(l) = -ilog'2 
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is given in Example 14. II Then, the values of i?m, o(l) are obtained from 



(1.26) i?,„,o(l) = -^ -Y, ^i?™-..,o(l), 

oo("j) ^ 6o(m) 

where 

m-l , .s 

(1-27) bk{m) = {-lfY. 

This is described in Corollary 14. 71 



The evaluation of R„i Q{a), for a ^ 1, appears in Proposition 15.11 and Corollary 
the value of i?o,o(a) is given by 



(1.28) i?o,o(a):= T ^^^^^^^ ^ -7 log(l + 1/a) - PolyW^'") [1, -1/a] 
Jo X + a 



and, for m > 0, we have 



n. M = 7 7 ^ 5'i(m, j)T,-_2(l/a) 

a™(l + a)m a^+im! ^ (l + l/a)^' 



— ^5i(m,j)PolyWi'"'[l-j,-l/a]. 



a TO. 

Here Si(rn,j) are the (signless) Stirling numbers of the first kind defined by the 
expansion 

m 

(1.29) {t)„, = Y,Si{ni,j)t\ 

where {t)m = t(t+l){t + 2) ■ ■ ■ (t + m—1) is the Pochhammer symbol. The function 
PolyLog^^'°^[c,a;] is defined in pT5)) . 

For j > 0, the value of Rm,j{a) is now obtained from the recursion in Theorem 
16.11 written here as 

r 

(1.30) Rmfi[a) = aj^r{a)Rm-r+],j{a), 

3=0 

where 

' r ^ 



(1.31) a,Aa):={-iy 

This can be used for increasing values of the free parameter r, to obtain analytic 
expressions for Rm,j{a). For instance, r = 1 gives 

(1.32) i?m,o(a) = ao,i{a)Rrn-i,oia) + ai,i(a)i?„i4(a), 

that determines Rm,i{a) in terms of i?m.o(fl) and i?m-i,o(i), that were previously 
computed. The value r = 2 gives 

(1.33) i?m,o(a) = ao,2{a)Rm-2.oia) + ai^2{a)Rm-isia) + 2(0)^™, 2(a), 

that determines i?m,2(i) in terms of previously computed integrals. This procedure 
determines all the integrals Rm,j{a). 
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Integrals of third type. These are integrals where the corresponding quadratic factor 
has non-real zeros. The expression 

(1.34) + ax + b^ {x- c){x - c) = x'^ - 2rxcos9 + 

is used to define 

''^ x^ log log 1/x 



(1.35) 



Drnj{r,l 



■ dx. 



/o (x2 - 2rx cos 6 + r2)™+i 

Naturally C,n.j{a, b) = Djn j{r, 6), we are simply emphasizing the polar representa- 
tion of the poles. 



The value Dofi{r,0) is computed first. Theorem 1 7 . f I treats the case r = 1, with 
the value 

/r(l -6l/27r)' 



2 sin 6* 

The case r 7^ f is given in Theorem 17.21 as 



(1 - e/ir) log27r + log 



V r(6l/27r) 



tan"^ 



r sm f 



sin 6 



-— ^ (PolyLog(i'0)[l,e^Vr] -PolyLog(i'0)[f,e-*Vr] 
2ri sm u V 



The next step is to compute DQ i{r,9). This is described at the end of Section 
[T] The result is expressed in terms of the Lerch zeta function 



(f.36) 



$(z,s,a) 



k=0 



(fc + ay 



as 



DoAr, 9) 



^ 1 

-2 log 



- 2r cos 6* + 1 



7 cot 9 tan 
1 



r — cos ( 



2ri sin 9 



^(0,1,0) 1^ 1,1 - $(0^1.0) 



1,1 



The reader will find in [llj information about this function. 

The values of Dm,j{r, 9) for m, j > 0, are determined by the recurrences 

1 d 



(1.37) 
and 
(1.38) 



1 



2rm sin 9 89 
d 



D 



m — 1 J — 1 



Drn-i.j-iir, 9) + 2rmDm,]^i{r,l 



2m cos 9 \dr 

These follow directly from the definition of Dm.j {r, 9) . Details are given in Section[7l 

Comment. Integration by parts, shows that the integrals Iq in (|l.ip include those 
of the form 



(1.39) 



Q 



^ Q{x) dx 
logx 
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This class was originally studied by V. Adamchik [1 . They were considered by 
Baxter, Tempereley and Ashley j3j in their work on the so-called Potts model for 
the triangular lattice. In that model, the generating function has the form 

(1.40) P3(i):=3/ ^. , , \^ , , \ dx. 



X sinh(7ra;) cosh(ta;) 

V. Adamchik determined analytic expressions for ()1.39|) in the case where the de- 
nominator of Q is a cyclotomic polynomial. The expressions involve derivatives of 
the Hurwitz zeta function 

oo 

(1-41) C(^,g):=5]^— — . 

Zhang Nan-Hue and K. Williams [2], [TS] used the Hurwitz zeta function to eval- 
uate definite integrals similar to the class considered here. Examples of integrals 
that involve C(z, q) in the integrand are given in [5], [B] and [7j. 

2. The main tool 
The evaluation of the integral 

(2.1) Iq / Q(a;)loglogl/xdx, 

Jo 

for a general function Q{x), is achieved by introducing the function 

(2.2) rQ{s):= f Q{x){\ogl/xy-^ dx. 

Jo 

The next result is elementary. 

Lemma 2.1. The integral Iq is given by 

(2.3) Iq = r'Q(l). 

Example 2.1. The simplest case is Q{x) = 1. Here we obtain 



/ loglogl/a;da; = r'(l), 
Jo 



(2.4) 
where 

(2.5) T{s) = J^ '^'^^Jo 

is the classical gamma function. The reader will find in [4j the identity 

(2.6) r'(l) = -7, 

where 7 is the Euler-Mascheroni constant. This example appears as 4.229.1 in [5]. 
Example 2.2. Consider now the case Q{x) = x'^, for a e M. Observe that 

(2.7) T^a(s) = / e-'^''+^^H'~Ut = T^^^, for a > -I and s > 0. 
^ ' Jo [a + iy 

Differentiate with respect to s at s = 1 to produce 

(2.8) f\^\oglogl/xdx = _1±M^. 
Jo a + 1 
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Differentiating ()2.7p n times with respect to s, yields 

(2.9) / x° log" log log 1/x dx= ) > ' (log(l + a) + ^ - g„) , 

where iJ„ is the n-th harmonic number. Mathematica 6.0 is unable to evaluate 
(|2.7p if both a and n are entered as parameters. The same holds for 



Note 2.2. The expression (|2.8p . with a = m e N, provides the evaluation of the 
integral P„ in HHl]): 



7 + log(TO + 1) 



(2.10) Pni--= ( a;™loglogl/xdx = - 

Jo TO + 1 

This appears as 4.325.8 in [8]. 

3. The case where Q is analytic at a; = 
In this section we consider the evaluation of the integral 

(3.1) 1q / Q(a;)loglogl/a;da;, 
where Q is admits an expansion 

oc 

(3.2) g(:E)-^a„x". 

n=0 

The expression for Iq is expressed in terms of the associated L-function defined by 

oo 

(3.3) Lq{s) 



n—O 

The idea for the next lemma comes from [T3]. 
Lemma 3.1. The function Tq satisfies Tq{s) — T{s)Lq{s). 
Proof. The linearity of rQ(s) in the Q-argument shows that 

oo 

(3.4) rQ(s) = ^a„r,.(s). 

The result now follows from the value of rx^{s) in (|2.7p . □ 
Theorem 3.2. Assume Q is given by p.2p . Then 

(3.5) Iq:= f Qix)loglogl/xdx^-jLQ{l) + L'Q{l). 







Proof. Differentiate the expression for Tq in the previous lemma and use the result 
of Lemma 12.11 □ 

The theorem reduces the evaluation of Iq to the evaluation of Lq{1) and Lq(1). 
The first series of examples come from prescribing the coefhcients a„ of Q{x) so 
that the Lq function is relatively simple. 
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Example 3.1. Choose a„ = l/(n + 1). Then 



- , - X 

n=0 



Then 



OC ^ 

(3.7) ^Q(^) = E fa + i>-+i =C(^ + 1)- 

where C,{s) is the classical Riemann zeta function. Theorem 13.21 gives 

(3.8) ri^^fc:^loglogl/xdx=^-C'(2). 
./n a; 6 



Mathematica 6.0 is unable to check this directly, but the change of variables 
X — e^'^ transforms (13.811 to 



(3.9) ^"iogilog(l-e-*)di= ^-C'(2). 

This is computable by Mathematica 6.0. 
The constant 

n=l 

can be expressed in terms of the Glaisher constant 

(3.11) logA:=^-C'(-l), 

by 

(3.12) C'(2) = Y (7 + log(2^) - 12 log A) . 
This gives 

(3.13) / — ^loglogl/xda; = — (121ogA-log27r) 

Jo X 6 

as an alternative form for 



Example 3.2. We now consider the alternating version of Example [311] and choose 
a„ = (— l)"/(n+ 1). In this case 



(3.14) Q{x) = J2 



(-1)".t" _ log(l +a;) 



n + 1 X 

n—O 

and the corresponding L-series is 

(3.15) Lq(.) = Y: ,\ ' - (1 - 2-^)C(^ + 1). 

n=0 ^ ' 

Theorem 13.21 and the evaluations 

(3.16) Lq{1) = ^ and L'q(1) = + ^('(2), 
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now yield 

(3.17) /' Mi±^ log log \lx dx='^ (log 2 - 7) + k'(2). 
Jo X 12 2 

This can also be expressed as 

(3.18) / ^°g(^ + ^) log log i/xdx^— (log 47r - 12 log A) . 
Jo X 12 

As in the previous example, Mathematica 6.0 is unable to produce this evaluation, 
but it succeeds with the alternate version 

(3.19) logtlog(l + e-*)dt= — (log2-7) + -C'(2). 
Example 3.3. Adding the results of the first two examples yields 

loefl — X^) TT^ 1 

(3.20) / ^loglogl/xdx = -(log2 + 7)-:rC'(2). 

Jo X 12 2 

Their difference produces 

(3.21) j^\ogt\ogUuhtdt = ^ - |C'(2) + 
This cannot be evaluated symbolically. 

Example 3.4. This example generalizes Example 1 3. II The integrand involves the 
polylogarithm function defined in (|1.17p . The choice a„ ~ ^/{n + l)'^ produces the 
function 

(3.22) Qix) = T^-TVc = -P°lyLog[c, x], 
and the corresponding L-function is 

(3.23) ^Q(^)-E fa , i).+c -C(^ + ^)- 

ri=0 ^ ' 

Then (f3?5|) gives 

PolyLog[e,x] ^ _^ + 1) + C'(c + 1). 

Jo X 

Example 3.5. Choosing now an = (— 1)"/("- + gives 

(-l)"a;" _ 1 

n=0 



(3.25) Q(x) = ^ = --PolyLog[c, -x] 



and 

(3.26) LQis) = 5: ^-^^ ^ (1 - 2i--)C(.s + c). 

n—0 

We conclude that 

Po^yLog[c^-^] log log 1/a; da; = (7(1 - 2"=) - 2^^ log 2) C(c + 1) 
Jo ^ 

-(l-2-^)C'(c+l). 
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In the special case where c is a negative integer, the function Q reduces to a rational 
function. Details are provided in section ID 



Example 3.6. Interesting integrands can be produced when a„ that are periodic 
sequences. For example, the choice 

1 / 2Tm\ 

(3.27) a„ = -cosf— j 

gives the function 



(3.28) 



71—1 ^ ^ 



2x 



and the corresponding L-function 

(3.29) M^) = E^^ = -^C(. + 1). 



n—l 



Then ([XSjl gives 

(3.30) r ^°^-^^ + " + "'^ oglogl/.d. = -2^ + ^.^log3+ |C'(2). 
Jo 2; 9 18 3 

Example 3.7. This example presents a second periodic sequence. The choice 

(3.31) a„ = - cos 

n V 5 / 

gives the function 

oc 

rt V 5 / 2a; 



ri=l 

where ~ (\/5 — l)/2. The corresponding L-function is 

^Q(^) - E = ^ (P°lyLog[. + 1, + PolyLog[. + 1, e^^'/^] 

The values Lq{1) = tt^/ISO and 

, , , log n ( l-KJi \ 

(3.33) i'^(i)^_^_^cosf— j, 

n— 1 ^ ^ 

and Theorem 13.21 give the identity 

^QQ^^ /■Mog(l-(^a; + x2) , , Ttt^ , logn /27rn\ 

(3.34) y ^- loglogl/xdx=— + ;^^cos(^— j. 



Example 3.8. The result of Thcorem l3.2l reduces the evaluation of a certain class of 
integrals to the evaluation of the corresponding L-functions. Many natural choices 
of the function Q lead to series that the authors are unable to evaluate. For example, 
Q[x) = produces the identity 

(3.35) / e-loglogl/xdx = -7(e-l)-5]^, 

•^0 n=l 
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and we have been unable to procude an analytic expression for the series above. 
The same is true for the series in p.34|) . 

4. Evaluation of integrals with real poles. An expression for i?.m.o(l) 
We now turn to the evaluation of the integrals 

'■"^ loglog 1/x 
/o l^+aT' 



(4.1) R^Aa)= I ,:^''Z^: d.. 



The method of partial fractions can then be used to produce explicit formulas for 
integrals of the type 

(4.2) Iq= [ Q{x) loglogl/a;da; 

Jo 

where Q is a rational function with only real poles. 



In this section we introduce a special family of polynomials {x) and produce 
an explicit analytic expression for 

(«) E,.-.= /• ^-''-'■■';'?f'''- .ix. 



These are then employed to evaluate i?„i,o(l)- 



Definition 4.1. The Eulerian polynomials Am are defined by the generating func- 
tion 

(4.4) ^ -=Y,Ara{x) — 

1 — x exp[i(l — xjj ml 

Note 4.2. The Eulerian polynomials appear in many combinatorial problems. The 
coefRcients Am,j in 

m 

(4.5) Amix) ^J2^ra,jX^ 

J = l 

are the Eulerian numbers. They count the number of permutations of {1, 2, • • • , n} 
which show exactly j increases between adjacent elements, the first element always 
being counted as a jump. The numbers A„ij have an explicit formula 

(4.6) ^™. = E(-if (™^^)(j--fcr, 

and a recurrence relation 

(4.7) Am.j = jAm-i,j + {m- j + l)yl™_ij_i 
that follows from 

(4.8) An+i(a;) = a;(l - x)-^Amix) + {m + l)a;A„(x), 

ax 
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with Aq{x) = 1. The recurrence ()4.8p foUows dhectly from ()4.4|) and it immediatly 
imphes that Am{x) is a polynomial of degree m. The first few are 

Aoix) = 1, 

Ai{x) = X, 

A2{x) = x'^+x, 

Asix) ^ x^^'^x^+x, 

A^{x) = a;'' + llx^ + lla;^ + X. 

More information about these polynomials can be found in [5]. 

We now present the relation between Eulerian polynomials and the polylogarithm 
function. 

Lemma 4.3. Let m G N. The polynomial Amix) satisfies 

(4.9) PolyLog[-™,-.]^^^^i^. 
Proof. The identity 

oc 

(4.10) PolyLog[-m, -x] = ^(-l)"+i(n + l)™a;"+\ 

n=0 

shows that 

(4.11) PolyLog[-m, -x] = i?^'"' 

where = x-j^. The claim now follows by using (|4.8p and an elementary induction. 

□ 

We now employ Eulerian polynomials to evaluate an auxiliary family of integrals. 
Proposition 4.4. Let m e N. Define 

(4.12) TM := -™L^ = ^(-l)^A„+i,,+ix^ 



and 



r.,^. P f' Tm-l{x) loglogl/x ^ 

(4-13) — (.+1)^+1 — 

Then 
(4.14) 

E„, = (1 - 2™)C'(1 - m) + (7(2™ - 1) + 2™ log 2) ((1 - m), for m > 1. 



Proof. This is a special case of Example 13.41 □ 

Note 4.5. The relation ([LTi]) gives 
(4.15) 

E,n - (l-2")C'(l-m) + (-l)™+i (7(2"^ - 1) + 2" log 2) — , for m > 1. 

m 
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For example, 

7 log TT log 2 



(4.16) El 



2 2 2 ' 

1 7 log 2 



3 log A 



4 4 3 

where A is the Glaishcr constant defined in (|3.1ip . 

The expression for Em in (j4.15p is now used to provide a recurrence for the 
integrals i?m.o(l); where R,nj{a) is defined in (|1.20p . We begin with an example 
that will provide an initial condition for the recurrence in Corollarv l4.7l 

Example 4.1. The integral i?o.o(l) is given by 

(4.17) Ro,oW - ^^r^ —■ 

The choice a„ — (—1)" in Theorem 13.21 produces Q{x) = 1/(1 + x) and Lq{s) — 
(1 — 2^~'')^(s). Passing to the limit as s ^ 1 and using i?o.o(l) = ^iLq{1) + L'q{1) 
gives the result. 

Theorem 4.6. The integrals £',„ in (|4.15p satisfy 

rn— 1 

(4.18) Em=Yl h{m)R,n-k,o{^), 
where 

(4.19) 6fe(m) = (-l)'=^PU„,,+i 

and Am.j are the Eulerian numbers given in (|4.6p . 
Proof. In the expression 

(«o) i^-=/' ^-;""'.°;'°f'''^ .^ 



(a; + l)'"+i 



use (|4.12l) to obtain 



Now write a; = (a; + 1) — 1, expand the resulting binomial and reverse the order of 
summation to obtain the result. □ 

Corollary 4.7. The integrals i?m,o(l) satisfy the recurrence 

(4.22) i?i,o(l) - El 

(4.23) i?™,„(l) = ^_'g'^i?_,,„(l). 

bo[m) ^ 6o(m) 

Proof. First observe that bo{m) ^ 0. Indeed, 

m 

(4.24) &o(™) =^^mj = A™(1). 
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Using the recurrrence ()4.8p we conclude that A„i+i{l) — {m + l)Am(l). Therefore 
&oM = ^m(l) = m!. □ 

Example 4.2. The prevfous result provides the values 
i?i,o(l) = i (-7 + log7r-log2), 
i?2,o(l) = ^ (-3-97- 101og2 + 361ogA + 61og7r) 
i?3,o(l) = ^(-3-77-81og2 + 361og^ + 41og7r + 7C(3)A2)^ 

These integrals are computable using Mathematica 6.0. 

5. An EXPRESSION FOR Rmfl{a) 

In this section we present an analytic expression for 
(5.1) i?„,o(a):=y^ + a)-+i 

The result is given in terms of the polylogarithm function defined in (jl.l7p and the 
derivative PolyLog^^'"-* [c, a;] defined in (|1.18p . The evaluation employs the expres- 
sion for i?m, 0(1) given the previous section. 

Proposition 5.1. The integral Rq o(a) is given by 
(5.2) 

Ro.oia) =-7log(l + l/a)-PolyWi^°)[l,-l/a]. 

Proof. The expansion 

00 

(5.3) Qix) = —— = - ^(-l)"a~"x", 

produces the L-function 



a; + a a 

n— 



(5.4) Lg(.) = ^n+ifa +D- ^ -P°lyLog[., -1/a]. 

n— 



Theorem 13.21 gives the result. □ 

The evaluation of i?m.o(a) for m > 1 employs the signless Stirling numbers of 
the first kind Si{m,j) defined by the expansion 

m 

(5.5) {tU = Y,Siim,j)t\ 

j=i 

where (<)m = t{t + !)(< + 2) • • • (t + m — 1) is the Pochhammer symbol. 

Theorem 5.2. Let rn G N and a > 0. The L-function associated to Q{x) = 
l/(x + a)™+i is 

(5.6) L (5) = - ^5i(™,j)PolyLog[s-j- -1/a]. 
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Proof. The identity 

(5.7) ' ^^ - 

is used in the expansion 



k k\ 



(5^8) 

to produce 

(5 9) ^_^^-,ytimPh 

Now choose P — m + I and use the elementary identity 

(5.10) ^^^^ ^ ^^±jl^, 

fc! m! 

to write the i-function corresponding to Q{x) — l/{x + a)™+^ as 

(5.11) ^1 .L 



m! ^ (fc + 1)" 



Finally use the expression (|5.5p to write 



i=l k=0 



o — 1 z — n V -' 



and identify the series as a polylogarithm to produce the result. □ 
Corollary 5.3. Let m G N. Then the integral 

'■^ loglogl/a; 



(5.13) i?™,o(a) / ^-^-^ 



is given by 

n . N 7 7 ■S'i(m, j)rj_2(l/a) 

"^0^°^ 0^(1 + a)m a^+im!^ (1 + l/a)J 



^ m 

— V 5i(m, j)PolyWi'") [1 - J, -1/a], 



a"'"m. 



where Tj is the polynomial defined in (|4.12p . 



Proof. The result follows from Theorem 13.21 and the expression for polylogarithms 
given in (g^D- □ 

Example 5.1. The choice a = 2 and m = 1 gives 

Mathematica 6.0 is unable to compute these integral. The expansion of the poly- 
logarithm function gives the identity 

loglogl/rrdrE _ 7 ^ (-l^^Mogn 
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6. An ALGORITHM FOR THE EVALUATION OF Rm.j{a) 

In this section we present an analytic expression for 

i\ J} t \ loglogl/x 

(6.1) R^,j{a):= ^iTTTwrr ^2;. 



JO (a; + a)™+i 
These results provide the evaluation of integrals of the type 

(6.2) Iq= I Q{x)\og\og\lxdx 

Jo 

where Q has real poles. The case of non-real poles is discussed in the next section. 
Theorem 6.1. The integrals Rmjia) satisfy the recurrence 

r 

(6.3) Rm,o(a) = Ctj.r{a)Rm-r+jj{a), 

3=0 

for any r < m. Here 

(6.4) aj-,(a):=(-l)^Qa-'-. 

Note 6.2. The recurrence (|6.3p can now be used for increasing values of the free 
parameter r, to obtain analytic expressions for Rm.j{a)- For instance, r — 1 gives 

(6.5) Rmfi{a) = ao,i(a)i?,„_i,o(a) + ai,i{a)Rm,i{a), 

that determines i?m,i(i) in terms of Rmflia) and i?„i_i,o(a), that were previously 
computed. 



The proof of Theorem 16.11 emplovs a recurrence for the functions aj,r(a) that is 
established first. 

Lemma 6.3. Let fc,r G N and aj>(a) as in (|6.4p . Then 

ao,r(a) ai,r(a)a; ar,ria)x^ 1 



^^■^^ (x + a)'' ' (x + a)'=+i ' ' (.T + a)'=+'' (a; + a)'=+''" 

Proof. Expand the identity 

(x + ay 



1 



X + a 



□ 



Proof of Theorem \6.1\ Multiply the relation in Lcmma l6.3l bv log log 1/x and inte- 
grate over [0, 1]. 

Example 6.1. We now use the method described above to check that 
(6.7) i?i,i(l):= f !°^,y " dx = \{- W 2 + 7 - log + log 2) . 



The recursion (|6.3p gives 

(6.8) i?i.o(l) - ao.i(l)i?o,o(l) + ai,i(l)i?i,i(l). 
Using the values q;o,i(1) = 1 and cki,i(l) = —1 and the integrals 

(6.9) i?o,o(l) = -^log'2 
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given in Example 14.11 and 

(6.10) i?i,o(l) = i(-7 + log7r-log2), 



computed in Example 14.21 we obtain the result. 

Example 6.2. The computation of i?i_i(2) can be obtained from the recurrence 

(6.11) i?i,o(2) = ao,i(2)i?o,o(2) + ai,i(2)i?ia(2), 
and the previously computed values 

(6.12) i?i^o(2) - - J - ipolyLog(i'°)[0,-i], 



6 2 



and 



(6.13) i?o,o(2) = -7log2-PolyW^"ll, 2J- 
It follows that 

p fo\ X loglogl/x 

""'''^'^ = Jo (x + 2)^ 

= 2 -^log^+PolyLog(i'0)[0,-i] -PolyLog(i'0)[l,-i] 
= 3-7log2-2^ ^ (1-1/")- 

n=2 

Example 6.3. We now illustrate the recurrence (|6.3p to obtain the value 

(6.14) i?3.(5)= f'^-^P^d.. 



+ 5)4 

We first let m = 3 in (|1.33p to obtain 

(6.15) i?3,o(5) = ao,2(5)i?i^o(5) + ai,2(5)i?2a(5) + a2,2(5)i?3,2(5). 
The integrals with second index are given in (|5.3p by 

(6.16) i?i,o(5) = - ipolyWi'") [0,-1] 
and 

- ^P"iyW-°'[-i.-il - ^P'^bW-'Ho,-^]- 

The next step is to put m = 2 in ()1.32p to obtain 

(6.17) i?2,o(5) = ao,i(5)^i,o(5) + «i,i(5)i?2,i(5). 
The values 

^'''^^^ ^ "T^ ^PolyWi-")[-l,-i] - lpolyLog(i-"H0,-i] 

and i?i_o(5) is given in (|6.16p . These come from Corollarv l5.3l Equation (|6.17p now 
gives 



^^■^(^^ = "sio + ]^PolyW''°)hl,-i] - ^PolyW^-^^O,-!]. 
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Finally we obtain 



^Pol,Log"''»|-l,-i] - lp„lyLog<''»>|0,-i| 



from (|6.15p . 



Note 6.4. The integrals Rm.jia) are computable by Mathematica 6.0 for a = 1, 
but not for a ^ 1. 



7. Evaluation of integrals with non-real poles. The integrals 

Cm.j{a,b) = Dm.jir, 9) 

We consider now the evaluation of integrals 



(7.1) C^Aa.b) := (,2 + ,, + fc)^+i loglogl/.d^, 

where — 4b < 0, so that the quadratic factor has non-real zeros. This is written 
as 

(7.2) x'^ + ax + b = {x — c){x — c) = x^ — 2rxcos9 + 
and we write 

(7-3) D„,,{r,e) = ^ (,2_2,,eos^ + r^)-+i loglogl/.dx. 

Naturally Cm,j{a, b) — Dm.jir, 9), we are simply emphasizing the polar representa- 
tion of the poles. 

Plan of evaluation: the computation of Dm.jir, 9) can be reduced to the range 
m > and < j < 2m + 1 by dividing x^ by (a;^ — 2rxcos0 -I- 1)™+^, in case 
j > 2m + 2. The fact is that the recurrences p.37p and (|1.38p determine all the 
integrals Dm.jir, 9) from Do^ir, 9) and D^.iir, 9). This is illustrated with the four 
integrals Dijir, 9) : < j < 3. Begin with (|1.37p with m ^ j = 1. This gives 

(7.4) A,i(r, 9) = --^—l-D^^^ir, 9) 

2r sm 9 o9 

and then (|1.38p with m = j = 1 gives 

(7.5) i?i,i(r, 9) = (^Do.oir, 9) + 2rZ?i.o(r, ( 

2cost^ \ar 

and this determines Di^ir, 9). Now use m = 1, j = 2 in (|1.37[) to obtain 

(7.6) A,2(r, 9) = --^—l-D^,,{r, 9). 

2r sm 9 o9 

Finally, (|1.38p with m = 1 and j = 3 yields 

(7.7) D^.sir, 9) = i^D^.^ir, 9) + 2rDi.2(r, ( 

2 cos 9 \or 
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Dividing by x'^ — 2ra;cos(? + expresses DQ^2{r,9) as a linear combination of 
Dofi{r,9) and Difi{r,9). This process determines I?i,3(r, 6'). 

We compute first the integral Dq^q^t, 9). This task is is divided into two cases ac- 
cording to whether r = 1 or not. Theorem [73] gives the result for the first case and 
Theorem 17.21 describes the case r ^ 1. The evaluation of the integrals Dm,j{r,9) 
are then obtained by using the recurrences (|1.37p and (|1.38p . 

Calculation of Dofi{l,9). This is stated in the next theorem. 



Theorem 7.1. Assume < < 27r. Then 
'■^ loglogl/x 



^0,0(1,0) 



Q — 2a; COS + 1 



dx 



2 sin 6* 

Proof. Consider the function 
(7.8) Q{x) 



(1 -6l/7r)log27r + log 



r(l - 9/27r) 
T{9/2Tr) 



sin^ 



x^ — 2x cos 9 + 1 



with the classical expansion 

oc 

(7.9) g(a;) =^ sin ((A; + 1)61) 



fc=0 



The corresponding L-function is given by 



(7.10) 



k=0 



sin ((fc + 1)61) 
(fc + 1)^ ' 



and its value at s = 1 is given by 



(7.11) 



sin ((fc + 1)61) TT- 



fc=0 



k + 1 



while the closed form of the derivative at s = 1 is 

sin((fc + l)6') 



(7.12) L'q{1) = -J2 



k=0 
IT 



log 



k + 1 

T{9/2Tr) 



T{l-9/2Tr) 



log(fc + 1) 

+ (7 + log 27r) 



This identity can be found in [5], page 250, #30. The result now follows from 
Theorem EH □ 



Calculation of DQ_o{r, 9) in the case r ^ 1. This is stated in the theorem below. 
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Theorem 7.2. Assume < < 27r and r 7^ 1. Then 

'■^ loglogl/x 



x"^ — 2rx cos ( 



tan 



■ dx 



smt 



Proof. Consider the function 

/ , sin 6 

7.13 Q{x) = — ^ 

— 2rx cos + 

and the corresponding L-function 

sin ((fc + 1)61) 



^ sin((fc+l)^) ^. 



00 

= E 



'(fc + 1)" 



k=0 

r 



pi(k+l)e _ g-i(fc+l)9 



2?r'=(fc + I)'' 



- (PolyLog[s, e'Vr] - PolyLog[s, e-"/r]) 



PolyLog[l, a] = - log(l - a), 



The identity 
(7.14) 

yields the value 

(7.15) Lq{1) 
The value of Lq{1) can be written as 

(7.16) LQ(l) = rtan-^ 



2i 



log(l - e'^/r) + log(l - e~*VO 



r — cos ( 



This follows by checking that both expressions for Lq{1) match at = and their 
derivatives with respect to 9 match. □ 

We now present several special cases of these evaluations. Many of them appear 
in the table of integrals [8] . 



Example 7.1. The value Do,o(l,^) in Theorem [711 appears as 4.325.7 in [S]. 
Example 7.2. Replacing 6* by 6* + tt, we obtain the evaluation 



log log 1/x 
x^ + 2x cos 6 + 1 



■ dx 



2 sin 6* 



'log 2tt 



log 



r(l/2 + 6'/27r) 
r(l/2 - e/27r) 



This appears as 4.231.2 in fS^. 

Example 7.3. The value 9 = Tr/2 provides 

^ log log 1/x TT 



^0,0(1, 2 



•■ , „ 7^ , r(3/4) 

-^^dx = -log2.+ -log^. 



This is the example discussed by Vardi in [T^ 
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Example 7.4. The angle 9 — tt/3 yields the value 



7r\ /"Moglogl/x 27rlog27r tt r(5/6) 



This appears as 4.325.6 in [8] where the answer is written in the equivalent form 

"5 



log log 1/x 2tt 

^ dx — —= 

\-x + x^ ^JZ 



log27r- logr(l/6) 



The equivalent form 



log X dx 



2n 



-log2^-logr(l/6) 





+ e-^ - 1 V3 
appears as 4.332.1 in [8J. 

Example 7.5. The angle 9 = 2tt/3 provides an evaluation of 4.325.5 in [H]: 

2n" 



Do,o 1, 



3 y Jo 1 + x + x"^ 
The equivalent form 

f°° \0gxdx TT 



Moglogl/x , 7rlog27r tt , r(2/3) 
' dx = + — log ■ ' ' 



(7.17) 



3V3 V3 ^r(i/3)- 

'r(2/3) V2^\ 



log 



r(i/3) 



appears incorrectly as 4.332.2 in [8J. The correct result is obtained by replacing 
Vtn by 

Example 7.6. The limit of Dq q{1, 9) a.s 6 tt gives the evaluation of 

7r\ loglogl/x , 1 , „ N 

^ ^ = -(log^-log2-7). 



''"■°'''2J-./o (1 + .)^ 



This is 4.325.3 of [S]. 

Example 7.7. It is easy to choose an angle and produce an integral that cannot 
be evaluated by Mathematica 6.0. For example, 9 = 37r/4 gives 

Do (l, ^) = J2i}^ dx^^C-^+ log (^41^) 
' V 4; Jo l + V2x + x^ V2V 4 *^Vr(3/8); 



Note 7.3. The evaluation of Lq{1) yields the identity 



(7.18) 



dx 



1 



x'^ — 2rx cos 9 + r'^ r sin ( 



■ tan 



r — cos ( 



Note 7.4. The polylogarithm terms appearing in the expression for Dofi{r, 9) can 
be written as in terms of the sum 



(7.19) 



U{r,9) := ^sin((fc + 1)6*) 



A:=0 



log(fc + 1) 
r^{k + 1) ■ 



The authors are unable to express the function J7(r, 9) in terms of special functions 
with real arguments. 

We now proceed to a systematic determination of the integrals Dm.j{r,9) for 
m, j > 0. For that, we use the recurrences (|1.37p and (|1.38p . 
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Proposition 7.5. Assume < 9 < 27r. Then 

X loglogl/x 



Jo 



(a;2 - 2x cos 6*+ 1)2 



dx 



^"^'^'"-(1 + (tt - 0) cot 0) + — (V- (^/27r) + V (1 - 0/2tt)) 



Asin^e 8sin^( 
+ - csc^ 6* cot 6* log ' ^ ' ^ 



4 V r(6'/27r) 

Proof. The result follows directly from (|1.37p and Theorem 17. II □ 

Note 7.6. For the case r 1 the value of Di^i{r, 0) can be obtained by differenti- 
ating the expression for Dt^^r, 6) in Theorem 17.21 

Particular cases of this result are stated next. 



1 X loglogl/x _ log2^ , 1^^ /1\ ^ 1^ 



Example 7.8. The angle 9 = 7r/2 produces 

/ 7r\ X loglogl/x 

'''A''2)'-^J, (.2 + 1)2 4 ■8^V4y'8-V4 

Here ip{x) = T'{x)/T{x) is the polygamma function. Using the values 

V-Q) =-7-|-31og2and7A(^0 =-7+|-31og2 
that appear in as 8.366.4 and 8.366.5 respectively, we obtain 

The equivalent version 

(7.21) ri!^=logvr-21og2-7, 
Jo cosh X 

appears as 4.371.3 in [8|. 

Example 7.9. The angle 9 — tt/3 gives the evaluation 



TT 



^ X log log 1/x 



^-iHJ - h (x--/+l)- ^^ 

_ log27r 27rlog27r tt /r(5/6)\ 

^ 9n/3 ^ 3vi 

Using elementary properties of the "0 function and the values 

(7.22) ^Q^=_^_!L^_3^og3-21og2, 
and 

(7.23) _^^7rV3_3^^g3_2i^g2^ 
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that appear in [12 , page 21, we obtain 

X log log 1 /a; , 7 log 2 77rlog2 log 3 TrlogS 

Ht = — -I- — — 

(x2 - a; + 1)2 3 3 ^ 9V3 2 3^3 

logTT STTlogTT _ Jt^ / 1 

3 9V3 3V3 V3 

Example 7.10. The recurrences (fOTl and (fOSj) yield 

3%/3 



This can be written as 
log log 1 /x 



(x2-V3a: + l)3 



^ (V- (1/12) + V (11/12)) + — (V^' (11/12) - ^' (1/12)) . 



3\^ _ 3^ log 2 + log 2 - ^ V3 log 3 + ^ log(2 - VS) 

3\/3 55 
-57rlog(\/3 - 1) + -^logTT + yvrlogTT - IOtt log r (1/12) 

-i-^' (1/12) + ^V/ (11/12). 



Example 7.11. The values r — 2 and 6 = ir/i yields the evaluation 



^ log log 1 /x dx 



77r 



(PolyLog*^'"' 



l+i\/3 



a;2 - 2x + 4 6\/3 2\/3 V 
Mathematica 6.0 is unable to evaluate this integral. 
Calculation of DQ^i{r,d). 

The integral 

^ X log log 1/xdx 



PolyLog 



(1,0) 



1 l-iV3 
^' 4 



(7.24) I'o,i('^,^)= / 

Jo 

corresponds to 

(7.25) Q{x 



x^ — 2rx cos 6 + 



x-^ — 2rx cos 9 -\- r"^ 
To evaluate the integral DQ,i{r, 9) we employ the expansion 



(7.26) 



— 2rx cos 9 + ; 



sin k9 



k=0 



smf 



We conclude that the L-function associated to this Q is 

sin k9 



(7.27) 

Therefore 
(7.28) 



Lq{s) 



LQil) 



1 \ - si 



smw ^ r^Ti (fc -f i)s 



EHini^; 



sin(/c + 1)0 



smt/ ^ r"^^ (fc + 2) ' 
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To evaluate this sum, integrate (|7.26p from to 1 to produce 



(7.29) 

Observe that 



Ln(l) 



X dx 



f 

Jo 



X dx 



Q x^ — 2rx cos 9 + 

1 {2x ~2rcos0)dx 



x^ — 2rx cos 9 - 



+ 



r cos 9 



dx 



/g x'^ — 2rx cos 9 + 
Both integrals are elementary, the latter is given in (|7.18p . Therefore, 



(7.30) 



-2rcos9 + 1 



cot 9 tan 



The L-series (|7.27p can be expressed in terms of the Lerch ^-function 



(7.31) 
Indeed, 



$(z,s,a) := 



k=0 



[k + aY 



Lq{s) 



rk+l 



2ism9 ^ r'^+i (fc + 1)^ 



1 



2ir sin 9 
1 



E 

\k=0 



(e'Vr)* (e-*Vr)'= 



(fc + 1)'' (fc + 1)^ 



$ I — ,s,l 



2ri sin 

The next statement gives the value of _Do,i(f, 9). 
Theorem 7.7. The integral 

a; log log 1 /a; dx 



, s, 1 



(7.32) 
is given by 



Do,i{r,9)= f 
Jo 



x^ — 2xrcos9 + 
- 2r cos 6* + 1 ' 



7 cot 9 tan 
1 



2ri sin 



^(0,1,0) $(04,0) 



1,1 



Note 7.8. This evaluation completes the algorithm to evaluate all the integrals 

^mj(r, 9). 
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8. Adamchik's integrals 

V. Adamchik presented in a series of beautiful evaluations of integrals of the 
form where the denominator has the form (1 + 2;")™ for n, m E N. The 

results are expressed in terms of the Hurwitz zeta function and its derivatives. For 
example, in Proposition 3, it is shown that 



^ ' 2n 



followed by Proposition 4 that states that 



1-x 



^loglogl/^da: = I±^(^v(9-^(^)) 



n 



The expressions become more complicated as the exponent of the denominator 
increases. For instance, Proposition 5 gives 

1 / / rf^) \\ 

- TT 7 + log2?i-21og' 1 1 



and in Proposition 6 we find 
Tr^loglogl/.d. = ^_!l^,,J^]_i^n-2mo,2n + ,) 

{n — p) {2n — p) (log 2n + / / p \ , f n + p 



+ 



4^2 \ V2n/ V 2n 

n + p^ 



-1, 



2ri 



^ {n~ p){2n- p) 
4^3 

We now describe some examples on how to use Theorem 13.21 to obtain some of 
the specific examples in [1]. 

Example 8.1. From Proposition 3 it follows that 

N , , , , , log 2 log2n2 

(8.1) / — — loglogl/xdx- ^ ^ 



1 + ° ° ' 2n 
This appears as (27) in [1 . To check this evaluation, observe that 

(8-2) Q(-)-T-^-E(-l)'"'-'""'' 
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SO the corresponding L-function is 

(8.3) L = y i-ll!li = (l_2-^)^. 

k=l 

A direct calculation shows that Lq{1) = and 

(8.4) w(^)^7k^_k^_k^g21ogn^ 
Then ^J^j follows from ([XS]) . 



Example 8.2. Formula (28) in is also obtained fr-om Proposition 3 and it states 
that 

(8.5) log log 1/x dx^ — (log2 2 + 2(log 2 - 1) log n - 27) . 

To prove this, consider 



(8-6) Q(-) = YT^ = E(-i) 

whose L-function is 

(8-7) ^c,(.) = E(^^-;^a-a-2^-^)cw)- 

fc=0 ^ ^ 

Replacing the values 

Lq{^) = ~ ^ and L'q{1) = ^ (log^ 2 - 27log2 - 21ogn + 21og21ogn) , 
in p.Sp we obtain the result. 
Example 8.3. The identity 

appears as formula (30) in [T]. To establish it, consider the function 

oo 

(8.9) g(^)^^^^(-l)'=a;4'=+i, 
with L-function 

The result follows from Theorem 13.21 by using the values 

(8.11) Lq(1) = 1(^(1)^^(1)), 
and 

(8.12) L'q{1) = _3M2 (I) - V. (i)) + i (C'(1, i) - C'(i, D) . 
The special values 

(8.13) ^(i) = -7 - f - 31og2 and ^(|) = -7 + f - 31og2, 
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and the value 

(8.14) C'(l, \) - C'(l, !) = ^ (7 + log 2 + 31og2^ - 41ogr (i)) , 

are used to simplified the result. This last expression comes from 

C'(l,£)-<'(l,l-f) = » cot ^ (log 2,5 + 7) 



2,g,og(r(i)).i„H^»:^ 



This identity, established in [T], follows directly from the classical Rademacher 
formula 



(8.15) c {z, f ) = 2r(i - z){2^qy-' (¥ + ^) C (1 



' 9 



An alternative evaluation of this integral comes from the partial fraction decom- 
position 

(8 16) ^ - ^ ^ ^ ^ 

a;'* + (2 — o?)x'^ + 1 2a — ax + 1 2a x"^ + ax + \ 

We assume \a\ < 2 and write a — 2cos6'. Then (|8.16[) yields 

Using the result of Theorem 17.11 we obtain 

/-i a: loglogl/xrfx ^ TT ^ 
Jo a;4 + (2-4cos2 6')a;2 + i 4sin20 

The special case 9 — tt/A produces (|8.8p . 

Example 8.4. The case 6* = 7r/2 in the previous example reduces to Example 1 7. 8 1 
Example 8.5. The angle 9 = 7r/3 in ((51^ yields 

r iZ'T+l = (61og2 - 31og3 + 81og. - 121ogr (1)) . 

Example 8.6. The angle 9 = 7r/8 in ([STTH]) yields 

i' J-tS'^i ^" ^ (^>08 ' - ^ >»s-3... f - siogr (i)) . 

9. A HYPERBOLIC EXAMPLE 

The method introduced here can be used to provide an analytic expression for 
the family 

log t dt 
cosh"+it' 



(9.1) LC„ 
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The table of integrals [8] contains 



= r ^ - f (21og2 + 31og. - 41ogr (1)) 



as formula 4.371.1 and 
(9.3) LCi = 

as 4.371.3. 



log t dt 
cosh^ t 



'7 + logTT - 2 log 2, 



The change of variables x = e * shows that 
(9.4) LC„^2»+i r-"l°gl°gl/- 



/o (X2 + 1)"+1 

that identifies this integral as 

(9.5) LCn = 2"+iA.,„ (1, f ) 
The recurrence (ll.37p . for r = 1 and j = m, become 

(9.6) Dm.mil^O) = - \ (1, 0), 

2to sm y at^ 



and the initial condition 



^o,o(l,0) 



(1 - d/ir) log27r + log 



r(l -6l/27r) 



2 sin 6* ['^ -/w-o ■■ . -o ^ r(6l/27r) 
provides a systematic procedure to compute LC„. For instance, it follows that 

LC2 = 23Z?2.2(l,f) 

2 TT 

= Catalan + - (2 log 2 + 3 log vr - 4 log T ( i) ) , 

TT 4 

and 

LC3 = 24^3,3(1,1) 

_27_41og2 21og^ 28 
" 3 3 3 3^ ^ 

The Catalan constant appearing above is defined by 

i-ir 



(9.7) 



Catalan = 



(2n+l) 



10. Small sample of a new type of evaluations 
We have introduced here a systematic method to deal with integrals of the form 



(10.1) 



= I Qix)\oglogl/xdx. 
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Extensions of this technique provides examples such as 



/' 

Jo 



7T 

(H-loga;)log(a; + 1) loglogl/a;c!a; = 1 + (7 - 1) ( — - 1 



-(T:T + 2)log2-^. 



12 



Jo 



log2 , C'(2) 



(1 + logo;) tan ^ a; loglogl/a;rfa; = (1 ~ 7)7^ ~ 7 H 7, 1" 



L 
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loglogl/xda; = -i^ + _^ + -C'(2). 

Details will presented elsewhere. 

11. Conclusions 
We have developed an algorithm to evaluate integrals of the form 

(11.1) Iq= f Q{x) loglogl/xdx. 

Jo 

In the case where Q{x) is analytic at x = 0, with power series expansion 

00 

(11.2) Q{x) = J2 ^nX^ 

n=0 

we associate to Q its L-function 

(11.3) ^M'ij^. 

Then 

(11.4) /q = -7Lq(1) + L'q(1). 

In the case Q{x) is a rational function, we provide explicit expressions for Iq in 

terms of special values of the logarithm, the Riemann zeta function, the polyloga- 
rithm PolyLog[c, x] , its first derivative with respect to c and the Lerch <i>-function. 
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